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Abstract: Theextensionof metabolite balancingwith carbon labelling experiments as described
inMarx et al. (Biotechn.Bioeng. 49, pp. 11-29) resultsin amuch more detailed stationary metabolic
flux analysis. Asopposed to basic metabolite flux balancing alone this method enabl es both flux
directions of bidirectional reaction stepsto be quantitated. However the mathematical treatment
of carbon labelling systems is much more complicated because it requires the solution of nu-
merous balance equations which are bilinear with respect to fluxes and fractional labelling. In
this contribution auniversal modelling framework is presented for describing the metabolite and
carbon atom flux in ametabolic network. Bidirectional reaction stepsare extensively treated and
their impact on the system’s labelling state isinvestigated. Various kinds of modelling assump-
tions as usually made for metabolic fluxes are expressed by linear constraint equations. A nu-
merical algorithm for the solution of the resulting linear constrained set of nonlinear equationsis
developed. The numerical stability problems caused by large bidirectional fluxes are solved by
aspecially developed transformation method. Finally, the simulation of carbon labelling exper-
imentsisfacilitated by aflexible software tool for network synthesis. Anillustrative simulation
study on flux identifiability from availableflux and labelling measurementsin the cyclic pentose
phosphate pathway of arecombinant strain of Zymomonas mobilis concludesthis contribution.

Keywords: stationary flux analysis, metabolite flux balancing, '*C isotope labelling experi-
ments, NMR, metabolic engineering



| ntroduction

Sationary flux analysis

The quantitation of metabolic fluxesin the central metabolism of cells has always been of great
interestin physiological research. Inthelast few yearsincreasing activitiesin thefield of metabolic
engineering [Bailey (1991), Stephanopoul os (1991), Stephanopoul os (1993)] emphasi zethe need
for precise and extensive quantitation methods in biotechnology. However, only recently have
experimental methods become avail abl e enabling a sufficient amount of high precision measure-
ment data to be gathered for thistask [Rizzi (1996), Weuster-Botz (1996), Wiechert (1996Db)].

This contribution concentrates on the carbon isotope | abel ling approach for flux quantitation
under metabolic steady-state conditions [Marx (1996), Wiechert (1996b)]. In this situation nei-
ther mechani stic assumptions about enzyme and transport kinetics, nor the knowledge of energy
yields are required for flux determination.

Consequently, stationary flux estimates computed from labelling experiments are expected
to exhibit a high degree of reliability. The practical aspects of stationary flux analysis and its
relation to dynamic modelling are discussed in [Wiechert (1996b)].

Metabolite flux balancing

The quantitation of intracellular fluxesin vivo requires measurement techniquesto be available

that do not influence the metabolic state of the observed microorganism. When defined and sta-

ble physiological conditions have been established inside a bioreactor, all relevant fluxes be-

tween the cell interior and the surrounding medium — like substrate uptake, product formation,
biomassgrowth or gas efflux — can be measured with standard analytical instruments[ Schigerl (1991)].
These fluxes are henceforth called the extracel lular fluxes as opposed to theintracellular fluxes

that are to be quantitated.

A well established approach to intracellular flux determination based on these measured ex-
tracellular flux datais given by metaboliteflux balancing [Vallino (1992), Goel (1993), Varma (1994),
Jorgensen (1995)]. However, it turned out that the available extracellular flux measurement data
isnot always sufficient to determineall intracellular fluxesin the central metabolism without fur-
ther simplifying assumptionson enzymeactivitiesand energy yields[Vallino (1991), Goel (1993),
Jorgensen (1995), Roels (1983)]. Clearly such assumptions restrict the reliability of stationary
flux determination. On the other hand, such assumptions can only be left out if they are com-
pensated by additional measurements.

The carbon isotope labelling technique

Another source of information that haslong been used in physiological researchis given by the
sel ective enrichment of intracellular metabolites by carbon isotopeslike 1*C or 1*C (also called
thelabel). By thefractional enrichment of label in the:th carbon atom position of some metabo-
lite M we henceforth mean the percentage of M-molecules with a 13C isotope at position s.

In order to obtain thisinformation aso-called |abelling experiment (al so denoted astracer ex-
periment) is performed [Lambrecht (1983), Anderson (1983), Blum (1982), Wiechert (1996b)].
In such an experiment a substrate with known labelling state (e.g. 1-'*C glucose) is fed into
the system during a metabolic stationary state. The label then becomes distributed all over the
metabolic network until the fractional labelling in all intracellular metabolite pools equilibrates
(isotopic steady state). In this situation the fractional enrichments at the carbon atom positions
of certain intracellular metabolites are determined.



Animportant improvement of the carbon labelling method has recently been achieved by the
isolation and hydrolisation of intracellular polymerslike protein or nucleic acids [Ekiel (1983),
Eisenreich (1993), Marx (1996), Szyperski (1995)]. Thesubsequent '*C NMR analysisof amino
acidsand ribonucl eotidesmakesthe coll ection of aformerly unattai nableamount of high-precision
fractional |abelling datapossible[Marx (1996)]. Clearly, the measured datadirectly corresponds
to the labelling state of the corresponding precursor metabolites in central metabolism. Details
on theexperimental and analytical proceduresand thevalidity of thisapproach can betakenfrom
[Marx (1996), Wiechert (1996b), Wiechert (1995¢)].

An important feature of this new labelling technique is that the experiment takes placein a
bioreactor [Marx (1996)] so that the extracellular fluxes can be complementary measured. Con-
sequently, the metabolite flux balancing technique for flux determination can now be combined
to alarge extent with the carbon isotope labelling technique.

Modelling and evaluation of carbon isotope labelling experiments

The metabolite flux balancing technique — i.e. the exploitation of linear relations in flux net-
works—iswell understood from acomputational and statistical point of view [Chatterjee (1988),
Vallino (1991), van Heijden (1994a), van Heijden (1994b)]. In contrast, isotopelabelling exper-
iments lead to substantially more complex non-linear models [Blum (1982), Anderson (1983),
Wiechert (1996b)]. Only rudimentary methods for the computational and statistical treatment
of such models have been developed in the past that are all restricted to specific metabolic sys-
tems [Blum (1982), Crawford (1983), Portais (1993), Sharfstein (1994), Zupke (1995)]. Only
recently some universal modelling effortshave been undertaken to describe metabolicisotopela
belling systemsinamoregeneral way [ Schuster (1992), Wiechert (1993), Zupke (1995)]. More-
over some computer-supported tools have been devel oped to handle the arising complexity and
to simulate experiments [ Schuster (1992), Wiechert (1994), Zupke (1995)].

However al these approaches take little efforts to establish general algorithms for systems
analysisand statistical evaluation of experiments. In particular the numerical stability of theim-
plemented algorithms has not yet been sufficiently analyzed. Moreover, universally applicable
statistical results on sensitivity analysis, computation of confidence regions and parameter iden-
tifiability analysis especially for bidirectional reaction steps have not yet been obtained. Thisis
avery unsatisfactory situation because the large amount of |abelling data avail able with the ex-
perimental techniques described above requires the development of flexible computational and
statistical methods that take advantage of redundant measurement data.

Bidirectional reaction steps

In principle any reversible reaction having asmall free energy difference AG’ in vivo (that may
well differ fromthe standard free Gibbs energy AG® [Westerhoff (1987), Mavrovouniotis (1991)])
has the potential to proceed in both directions at the sametime. If the forward and backward re-
actions take place simultaneously we speak of abidirectional reaction step [Wiechert (1996b)].
Ontheother hand anirreversiblereaction withlarge A invivo can safely be assumed to be uni-
directional. However, only afew reaction stepsin the central metabolism allow thisassumption.
Consequently, the majority should be examined for their bidirectionality.

A distinguishing feature of the carbon labelling technique compared to metabolite flux bal-
ancingisthat both directionsof areaction step influencethelabelling state of the system [Wiechert (1995a)].
This has already been recognized in the past so that many published models contain some bidi-
rectional steps[Stein (1979), Crawford (1983), Rabkin (1985), Zupke (1994), Chatham (1995)]
but has never been investigated extensively. In particular it turns out that the presence of highly
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reversing bidirectional stepsleadsto severe problemsfor the numerical treatment of models and
non-linear statistical data evaluation [Schuster (1992), Marx (1996), Wiechert (1996b)].

Aims of this contribution

We have devel oped and present here auniversal modelling, simulation and data analysis frame-
work for metabolic flux analysis by stationary carbon isotope labelling experiments using frac-
tional enrichment data. Although the model structure has already been introduced in rudimen-
tary form in [Marx (1996)] the technical, computational and statistical details as well as an ex-
tensive investigation of bidirectional reaction steps could not be presented there. The purpose
of this contribution now isto extensively treat the following items:

i) A universal modelling approach for stationary carbon isotope labelling experiments will
be presented that allowsto use fractional enrichment datain addition to conventional mea-
surementsof extracellular fluxes. For thefirst timethe effect of bidirectional reaction steps
will be considered to the full extent. A simple and precise formal language will then be
defined to express al structural and physiological assumptions made about the system.

i) Thecomplex model equationsarising will be represented in aconcise matrix notation that
iswell suited for further mathematical systemsanalysis(cf. [Wiechert (1995c), Wiechert (1996a)]).
Using the introduced formal language a completely automated computer generation of all
required matrices has been be achieved.

iii) Theinfluence of bidirectional reaction steps on the system’s labelling state will be inves-
tigated in detail. 1t will be demonstrated that for practical applications numerical stability
problems have to be expected that are caused by reaction steps with large bidirectional
fluxes.

iv) The problems of accessible labelling states, identifiability of fluxes and redundancy of
measurement data will be discussed and demonstrated with an illustrative simulation ex-
ample.

Dueto the complexity and broadnessof scope covered theresultswill be presentedinthisand
a sequel contribution [Wiechert (1996¢)]. Part | introduces the general modelling and simula-
tion framework using some rather simple examplesto demonstrate the most important systemic
features of metabolic labelling systemsand bidirectional fluxes. The sequel will then present the
details of flux estimation from measured data and statistical analysis. In particular the stability
problems will be completely solved by a sophisticated numerical agorithm which will then be
applied to acomplex flux estimation examplefor Corynebacterium glutamicumto demonstrate
its power and limitations. The reader who is interested in further results on model simplifica-
tion, redundancy and identifiability analysisisreferred to [Wiechert (1995b), Wiechert (1996a),
Wiechert (1995c)].

Assumptions about the Biological System

The assumptions about the biological system required for modelling isotope labelling are rather
weak compared to those required for dynamic modelling, i.e. no assumptions about enzyme or
transport kinetics or energy yield coefficients have to be made. However, the few assumptions
should be stated clearly:



(A1) Asfor all material balancing models the basic assumption of compartmental modelling
[Anderson (1983), Holzhiitter (1985)] must hold, i.e. the system state can be represented
by the concentrations of afinite set of homogeneously distributed pools. In our casethere
isone pool for each carbon atom position of each intracellular metaboliteconsidered. E.g. the
total of all '?C and '*C isotopes at the second carbon position of theintracellular fructose-
6-phosphate moleculescomprise onepool. In caseof intracellular compartmentation, pools
may have to be further subdivided (see e.g. [Blum (1982)]).

(A2) The observed microbial system must be kept in a well-defined stationary physiological
state during the measurement procedure. This can take a considerably long time depend-
ing on the measurement technique used [Wiechert (1996b)]. However, the maintenance
of controlled chemostatic or nutristatic cultures over long periods is a routine procedure.

(A3) For the metabolic pathways of interest, all relevant biochemical transformations must be
known with respect to the reaction steps involved and the fate of all carbon atomswithin
each step. For the central metabolism this knowledgeiswell established and can be taken
from any biochemistry textbook [Stryer (1988)].

(A4) There are no measurable isotopic mass effects. This means that the labelling state of a
molecule does not influence the rate of its enzymatic conversion. According to current
knowledgethisistrueat |east of liquid phasereaction systems. However, it should bemen-
tioned here that mass effects have been observed in certain situations for small molecules
like CO, [Winkler (1982), O’ Leary (1982)].

The structure of the general metabolic model presented inthefollowing reliessolely on (A3).
(A1) and (A2) then guarantee the validity of balance equations and (A4) statesthat no mass cor-
rection factors haveto beintroduced into the bal ance equations. However, the degree of freedom
of theflux state space can be substantially reduced by making further assumptionsabout reaction

steps:

e A large standard free energy term AG” may justify the assumption of irreversibility in
Vivo, i.e. the corresponding reaction step may be considered unidirectional.

¢ Rapidequilibrium conditionsmay be assumed for certain highly reversibleenzymatic steps,
like the isomerase and the epimerase in the pentose phosphate pathway [Wood (1985)].

e Stoichiometric coefficients for energy yields may be assumed to be known as is usually
done in metabolite flux balancing [Vallino (1991)].

¢ Reduction equivaentslike NADH and NADPH may be balanced in detail, i.e. all produc-
ing and consuming reactions are assumed to be known [Vallino (1992)].

Such assumptions are optional in the framework described below and should be carefully
documented to achieve transparency of the modelling process and reproducibility of results. If
in doubt, an assumption should be left out, thereby increasing the number of unknown fluxes
to be estimated. On the other hand, if all fluxes turn out to be identifiable from the measured
data, flux properties can be verified experimentally. The modelling framework for expressing
structural and quantitative assumptions on the metabolic network isintroduced in the following
sections.



An lllustrative Example

Before introducing the general metabolite and carbon flux equations in their matrix notation a
simple examplewill be discussed. It servesto demonstrate the principlesof intracellular flux es-
timation from fractional carbon labels combined with measured extracel lular fluxes. Because of
the example'slow dimensionality the obtained properties can be easily represented graphically.
Moreover the potential for estimating both directionsof bidirectional fluxesisillustrated and the
general numerical and statistical problems to be solved later on are introduced.

The reaction network and its carbon atom transitions can be taken from Figure 1. It consists
of an input metabolite A with known labelling state, intracellular intermediates B, C and an out-
put metabolite D, each with 2 carbon atoms. The network represents a rudimentary metabolic
cycle with different fates of carbon atomsin its branches given by V, and V3. V; isthe system
input flux (and thus measurable), V, and V3 are intracellular and V, is an output flux.

An input flux like V; is aways assumed to be unidirectional because external sources are
always considered inexhaustible in material balancing. Similarly, output fluxeslike V, are not
alowedto reversetheir direction. Theintracellular flux V3 isassumed to be unidirectional while
V, takes place in both directions. This situation is not unusual in complex reaction networks
where V, and V3 may represent reaction sequences with only one branch containing highly re-
versible steps. E.g. V3 may stand for apart of glycolysis, while V, represents the pentose phos-
phate pathway.

Sate variables and assumptions about fluxes

The fluxes within the system will be described in terms of flux variables v; > 0. More pre-
cisely, adistinction is made between both directions of each flux by using the symbols ;> and
vi, respectively. These values are henceforth called the forward and backward fluxes. The as-
sumptions about the example network are now given by

vi- = 0 becauseV; isaninput flux
vi = 0 because Vs isassumed to beunidirectional . Q)
vy = 0 becauseV, isan output flux

The fractional 1abelling at each carbon atom position of the intracellular metabolitesis denoted
by b1, ba, ¢1, ¢2 € [0, 1]. Theknown system input is specified by ., a,. E.g. asubstrate A which
is100% labelled at the first carbon atom positionisdescribed by a; = 1.0, a; = 0.0. The output
metabolite D isnot required for formulating the balance equationsbecauseits|abelling state will
always equal that of its precursor C.

Flux and label balances

Metabolite and label balances can now be stated according to the assumptions (A1) and (A2).
The metabolite fluxes from and to each intracellular metabolite pool must add up to zero in the
stationary state [Hofmeyr (1986)]. Using Equations (1) this gives rise to the following linear
metabolite balance equations for the metabolite pools B and C:

B: o +vy = vy 4y @)
C: vy 4+vy = v +vu]
from which it follows
vy, = v —wvy +vi.
o, L 2 (©)
Uy = U



Thisleaves 3 degrees of freedom that may berepresented by the (linearly) independent variables
vi’, vy” and v, henceforth called the free fluxes.

In order to establish the carbon label balances the (forward) atom transition V,: B; — C;
affecting thefirst carbon atoms of B and C isconsidered. It carriesthe amount of v, - b, labelled
atoms and v;” - (1 — by) unlabelled atoms per time unit. Herein the assumption (A4) is used,
i.€. no isotope mass effects occur. The term v;” - b; contributes to the |abel balances of B, and
C1, but with opposite signs. The complete set of all equations for the four intracellular carbon
atom poolsthenis:

Bi: 0 = vi7a;—vby +v5 ¢ —v3ih

Bo: 0 = wvias—vyby+v5co—v37by @)
Ci: 0 = vy7by — v +vThy — vy

C: 0 = vy7by — v ey v — v

It should be noticed that this consideration istrue only when molar unitsare used for the flux
variables because these are interpreted both as metabolite fluxes in Equation (2) and as carbon
atom fluxes in Equation (4).

Computation of fractional labelling and flux determination

The balance equations can now be used to represent all fractional labels in terms of fluxes. In
order to keep the number of algebraic termsin the example small, we restrict ourselves to the
special case

ar=1,a,=0 . (5)
From Equations (4) and (5) one derives
1l =a14+ay = by+by = ¢c1+c¢y . (6)
Using Equation (6) and (3) the labels are expressed as a function of the free fluxes:
b = [(v7") +207v5 — vioy+ (v)1/6 . by = 1-b
a = [T+ vwus— vyt (v)] /6, e = l-a  (7)
with § = (v7)? +3vvs — 2vyvs +2(vs)?

Equation (7) determinesthe relative flux distribution over the metabolic network. However,
only asingleflux measurement is sufficient to determinethe absolute values of all fluxes. Tothis
end, wewill assume in the following that the substrate uptake v;* is known from measurements
and all fluxesare scaled to v7” = 1.

Thisleavesvy”, v5~ to be determined from measurements. By Equation (6) b., ¢, are redun-
dant with b, ¢; so that at least one label fraction from B and C — say b, and ¢; — must be
measured to achieve this goal. Then the correspondence

vi(vy vy ) = (brycr) (8)
defined by Equation (7) completely characterizes the system. In order to determine all fluxes
from b, ¢; the mapping v must be proven to be one-to-one. It can easily be derived from Equa-
tions (4) and (6) that v~ isgiven by:

vy = — (I=br  )/{ece=b1)- vy
vy = (1=br —c)/(1 —2b1) - (v7 +v57)
This explicit solution for the flux determination problem aready shows how both forward and

backward fluxes of bidirectional reactions can be computed from '*C labelling data. With con-
ventional measurement techniques only the corresponding net fluxes would be observable!
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Accessible labelling states

Figure 2ashowsthe one-to-one correspondence v using atwo dimensional superposition of con-
tour plots (cf. [Zupke (1994)]). As can be immediately seen, not all labelling states (by, ¢, ) of
the system are accessible by fluxesv;”, v5~ > 0. It can be derived from Equation (7) that the set
of accessible labelling statesis given by

bl S 1, bl > C1, bl 2 1— (&] (9)

Moreover (as can be seen from Figure 2a) the boundary line b, = ¢; is only asymptotically
reached when v;* and v~ simultaneously tend to infinity. Thisobservation hasfar-reaching con-
sequences for practical flux determination:

1. If the pools B, C are nearly at isotopic equilibrium the determined fluxes »;* and v5~ be-
come extremely sensitive with respect to measurement errors. A small measurement de-
viation then leads to an ill-determined flux estimation which in extreme cases may vary
within some orders of magnitude.

2. The measured labels may even be situated in the inaccessible region (shaded grey in Fig-
ure 2a) due to measurement errors. In this situation the most suitable flux estimation is
obtained from the proj ection of the point corresponding to the measured valuesto the near-
est boundary line of the accessible region. If this happensto betheline b, = ¢; thisflux
estimation isgiven by v;” = v = o<l

These problems are quite frequently encountered in carbon labelling networks because the
accessible region can become quite narrow in practice (compare to [Wiechert (1995c)] for an-
other example). Theabove consideration showsthat dramatic numerical and statistical problems
will arisein the numerical quantitation of bidirectional fluxes. The following conceptswere de-
veloped to solve these problemsin a convenient way.

A suitable definition of exchange fluxes

Forward and backward fluxes are unsuitabl e variablesfor the description of abidirectional reac-
tion step not only for numerical reasons, but also for the practical interpretation of flux values.
In order to obtain amore suitable representation of the bidirectional step V, wetake thefamiliar
net flux v5® and anewly defined exchange flux v} given by

net — —
I vy —vs
'vg‘Ch = min(vy,vi) (10)

Figure 3 illustrates how X" quantitates the amount of flux common to both directions »;” and
vi~ . Severa advantagesof thisdefinition compared to other possibledefinitions(e.g. from [Schuster (1992)])
are discussed in [Wiechert (1995c)]. In particular one can easily prove the transformation rule

vy = v — min(—v¥,0)
v = o —min( 0¥, 0)
showing that the mapping
61 (V™) — (07" v5) (11)

isreally acoordinate transformation between the natural flux coordinates (v;”, v5~) and the ap-
plication flux coordinates (v)®, v3M).



The role of exchange fluxes

The one-to-one mapping

yoo: (g% i) — (by, )
resulting from Equations (8) and (11) is represented in Figure 2b. It turns out that the asymptot-
ically accessible boundary lineb; = ¢; is now exactly characterized by v¥" = oo while the net
flux vi® varies along thisline. This effect is expected because a large exchange flux vX*" means
arapid equilibrium between the pools B; and C; connected by V5, i.e. their labelling state will
be asymptotically equal.

For flux determination the new definitions of Equation (10) have the consequencethat in the
situation where (by, ¢, ) is Situated near the boundary line b, = ¢; ameasurement error will lead
to a comparably well determined net flux while the exchange flux can only be estimated within
alarge confidence interval. Thisis avaluable result for practical purposes since the net flux is
alwaysan important quantity. However, if the measurement of (b,, ¢;) liesbeyond the boundary
by = ¢, thiswill lead to an exchange flux estimated to be infinite. For the computational treat-
ment of the system thisis a troublesome situation because possible infinite values will lead to
unpredictable and unstable numerical results.

Another exchange flux definition

This problem can be overcome for numerical implementation purposes by mapping the theoret-
ically possible value range [0, o] of »X°" to the finite range [0, 1] using the hyperbolic transfor-
mation

U;ch — ,Ugch[o,l] XCh/(ﬂ-l— xch)

with some positive constant 3. Such arescaling to abounded range of valuesiswell knownasa
compactification operationin mathematical theory [Ahlfors (1979)]. Theinversetransformation
leads to the one-to-one mapping

QDEQO ] . . ( Seta U;(Ch[O,l]) . (Uget’ U>2<ch) _ (Uget’ . .U;(ch[o,l]/(l _ ,U;(ch[o,l]» . (]_2)

The new coordinates (v}, v3%) will be denoted as the numerical flux coordinates. A repre-
sentation of the resulting map

¥ o qﬁ 0 (ﬁ[g'l] : ( get, ’U)Z(Ch[o'l]) — (bla Cl)

obtained from Equations (8), (11) and (12) for 5 = 1 isgivenin Figure 2b. Concerning the
choice of 3, it turned out in numerical studiesthat good sensitivity results are aways achieved
when 3 was chosen in the order of magnitude of the system input flux, i.e. v in the example.

The boundary lineb; = ¢; is now given by vX*"®% = 1 and even when measurement errors
occur the sensitivity of the numerical exchange flux v 0] it respect to measurement errors
remains bounded. Moreover it can be generally shown that as a function of vXNOY gnd vt the
labelling state (by, ¢;) can be differentially continued in X% = 1 [Wiechert (1995c)]. Thus
from a mathematical viewpoint the asymptotic boundary line b, = ¢; can now be treated like
all other points in the accessible region given by Equations (9). This enables numerically sta-
ble algorithms for simulation and flux estimation to be implemented even when large exchange
fluxes occur (see appendix B of Part Il [Wiechert (1996c)] for more details).



Development of a General Mathematical M odel

The devel oped universal model for carbon flux in metabolic networksis explained now by gen-
eralizing the concepts presented for the simple example. It makes extensive use of matrix cal cu-
lusto obtain aconcise notation. Thefinal model essentially consists of Equation (15) expressing
structural properties of the metabolic carbon atom network [Reder (1988)] and Equations (19),
(20) expressing all quantitative assumptions made about net and exchange fluxes.

An important property of the general model is that all occurring vectors and matrices can
be automatically generated from the structural input and the assumptions made. Some details
of the corresponding computer implementation are given in the Appendix. A summary of all
model equationsintroduced in this section will be presented in Part Il [Wiechert (1996¢)].

Sate variables

The first state variables introduced for formulating the model are the forward and backward
fluxes of each reaction step. They are comprised to the natural flux state vectorsv— and v (of
equal dimension). Inthesimpleexamplefrom Figure 1 thesevectorsarev= = (v;*, vy, v3", v;")T
and v = (v, v, vs,vi)T. On the other hand, as has been discussed in the preceding sec-
tion, v, v arerather inconvenient for apractically useful interpretation of theresultsachieved.
For thisreason the application flux coordinate systemisintroduced by anal ogy to Equations(10).
The minimum now has to be applied component-wise to obtain the transformation:

et v Vxch — min (_Vnet7 0)
P < Vxch ) — < ve > - < VXCh—min( Vnet70) (13)

Similarly, the numerical flux coordinate system is obtained with the compactification transfor-

mation:
0.1 vet vhe v
q)[ﬁ 1. ( Yo ) — ( N 3. VXCh[O’l]/(]_ _ chh[O,l]) (14)

Here the division has to be carried out component-wise (where 1 denotes the vector with all
entries being 1) and 3 is a constant chosen in the order of magnitude of the substrate uptake
flux.

The second state variable is the vector x of fractional labelling within each (enumerated)
carbon atom in the intracellular metabolites. Furthermore, the constant vector x" of input la-
bels comprising the known fractional labels of all carbon atoms that are fed into the system is
required. In the example of Figure 1 we havex = (b1, by, ¢1,c2)” and x'™ = (a1, az)”.

Carbon label balances

As can be seen from Equation (4) the carbon isotope balance equations have a bilinear structure
with respect to x, x™ and v, v, i.e. all terms are of type +v; - x;. In order to arrange the
occurring signs+1 inatabular structure the atomtransition matricesP;*, P{~ (for intracellular
transitions) and P (for input label transitions) are introduced. The precise definition of P;*
must take into account the fact that an intracellular multimolecular reaction step like A + A —
B + C can multiply affect one carbon atom pool:

[ if thes th forward reaction supplies pool j
with / carbon atoms from pool &
(P7);» =4 —I ifj=kandthe: thforward reaction
takes [ carbon atoms from pool
0 elsewhere



P$ issimilarly defined. The same holdsfor P.™ which collectsall indices of carbon atom tran-
sitions between an extracellular and an intracellular pool.

In the example of Figure 1 some of the intracellular and input carbon transition matrices are
given by (with points denoting zero entries):

—1 . . . . . 1 . 1
.= . . . . . 1 i
py=| ! . Py = B . PP-

1 . . . . o1

The scalar-matrix-vector product v;” - P;” - x isnow exactly the vector of all bilinear terms
+x;v;* that are contributed by v;* toall intracel lular poolsinthesystem. Similarly v;*-Pi™.xI"
consistsof al bilinear terms corresponding to label input. Combining all these termswe end up
with the general carbon flux balance equation in matrix notation:

(va-Pf—l—va-Pf)-X—I—(va-Pi-np)-Xi”p:O. (15)

It should be observed that P;> = —P;~ doesnot hold. Conseguently the change of the signs
of both v;* and v~ is not equivalent to aformal reversal of the intracellular reaction direction
in the biochemica network! Therefore v, v must always be kept strictly non-negative in
computations.

Linear constraints on net fluxes

Equation (15) is a linear equation with respect to x that can be solved for x, when all fluxes
are known (cf. Equation (22)). To this end al available information on the metabolite fluxes
must be supplied. Thisis done by formulating all assumptions made about these fluxes as lin-
ear constraints for v and v**"®1, The arising set of constraints can be most conveniently ex-
pressed by using matrix notation which has al so been the key concept for metabolite flux balanc-
ing [van Heijden (19944a)]. We start with the assumptions about net fluxeswhich are formul ated
as

Nnet X Vnet — nnet (16)

with the net flux constraint matrix N™ and some given constraint value vector n"™. Equation
(16) enables the following types of constraints to be expressed:

1. The stoichiometric equations for each intracellular metabolite pool are always automati-
cally included inthenet flux constraintswhichisjustified by assumption (A2) on metabolic
stationarity. This means that the familiar stoichiometric matrix is a submatrix of N" by
default.

2. Energy balances for ATP, NADH or NADPH can be expressed by constraint equations
[van Heijden (1994a)] and even non-integer yield coefficients can beincluded in thisway
[Vallino (1992)].

3. For the purpose of simulation studies a net flux v may be fixed at a given value n®,
ie vt =phe

In the exampl e the stoichiometric equations are readily obtained from Equations (2) that can be
interpreted as net flux balancesfor B and C:

B: oM = ol 4l
.oonet . onet et
C: v +vi® = vf
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Additionally v = 1 wasfixed in the example study so that we arrive at the net flux constraint
matrix and vector given by:

1 -1 —1 .
Nt — 11 =1 and n"™ =

Linear constraints on exchange fluxes
Similarly linear constraints for exchange fluxes can be generally formulated as

XN, | xeh0.1] _ . xch[0,1] (17)

with a given exchange flux constraint matrix N*"%4 and an exchange flux constraint val ue vec-
tor n*"%3, Some commonly encountered assumptions are;

xchi0.d] _

7

1. Unidirectionality of theith reaction step, i.e. v

2. Rapid equilibrium of the ith reaction step, i.e. v = 1.

3. Fixing of an exchangeflux, i.e. v = "0 for some constant n %4,

xch(01] _ | xch(01]

4. Equality of exchange fluxes, i.e. v; ;

In the example V1, V3 and V4 were assumed to be unidirectiondl, i.e.

1 . . .
oy _ . . 1 . and ol —

Free fluxes

The linear constraint relations (16) and (17) will usualy still not be sufficient for a complete
determination of v and v**"®U_ |n order to fix the remaining linear degrees of freedom some
net and exchangefluxes must beidentified that enabl e the constraint equationsto be solved when
values are supplied for them. These fluxes will henceforth be called the free fluxes. They are
defined by an arbitrarily given set of additional constraints

Nifree. ( v > =n'"® (18)
yxenoa ) =

where N js composed from row unit vectors expressing which fluxes have been chosen. The
free flux values n™ may then be varied within simulation runs or for flux determination from
measurements.

In the example v0® and vX*"% were chosen as free fluxes, i.e. we have

) 1 ) ) ) ) ) ) e
Niree — ( ‘ 1 ) , n"® = ( >2<ch[0,1] )
. . . . . . . Cy

Linking Equations (16), (17) and (18) we arrive at the combined linear constraint equation

Nnet 0 nnet
Vnet ) HO.1
N . XCh[O 1] =n Wlth N = 0 NXCh[O'l] and n= nxc [0' ] (19)
v ' Nfree rlfree
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If the free fluxes are correctly chosen these equationswill uniquely determine all fluxesv™ and
v*l0l In order to avoid pathological situationslike insufficient, inconsistent or redundant con-
straintsit is required that N is square and invertible. Thisis automatically checked within our
software and can aways be removed by changing the model formulation (cf. [ Chatterjee (1988),
Vallino (1991), Wiechert (1995c), van Heijden (19944), van Heijden (1994b)]). Thereader may
check that in the example N (that is explicitly given in Part 11 [Wiechert (1996c)]) fulfills these
conditions.

Linear inequality constraints

In order to exclude physiologically meaningless system states like negative carbon fluxes, a set
of inequality constraints is finally imposed on the systems flux state. Again some obligate as-
sumptions are always made, while others are optional:

1. Exchange fluxes are alwaysrestricted by 0 < v*0l < 1,

2. Thedirection of areaction step can be prescribed by requiring v > 0 or v < 0. For
extracellular fluxes the first assumption is obligatory.

3. Thepossible value rangefor net fluxes should be restricted to prevent anumerical param-
eter fitting algorithm from searching in physiol ogically meaningless regions of the param-
eter space (see also [Wiechert (1996¢)]), i.e. v < u™ for some upper bound u.

4. Similarly, exchangefluxescan be bounded to excludethe rapid equilibrium situation: v" <
uxen,

5. In certain pathological situations the network structure can become disconnected when
fluxesvanish[Anderson (1983)]. Intheexamplethishappensonly inthetrivia casev[® =
0. Inthissituation the carbon label balance Equations (15) have no unique solution, which
can be prevented by assuming e.g. v > uM™ for certain steps (see [Anderson (1983),
Wiechert (1995c)] for more details).

Since an inequality ¢ < b can always be alternatively expressed as —a > —b all constraints
can be collected to acombined linear net flux inequality similar to Equation (19)

Vnet
U- ( VXeho1] ) >u (20)
In the example we have
1 .
1 .
1
-1 . —1
U= . . . . . 1 . . and u=
. . . . .o —1 . . —1
1 .
-1 . -1
1 .
-1 -1

A flux state (v"®, v*<01) satisfying Equation (20) iscalled feasible. Numerical methodsfor
the computation of feasible solutions of linear inequalities are described in [Zoutendijk (1991),
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Schuster (1993)]. However, if the imposed constraints are reasonable, feasible choices of n'e®
are usudly intuitively clear. In the example the feasible free fluxes are characterized by vf® <
v (as obtained from Equation (3)) and 0 < v < 1 (by definition).

Solving the Model Equations

Simulating a carbon labelling experiment means fixing the vector n™® of free fluxes at an arbi-
trary given value and computing the natural flux state (v, v¢") and thelabel state x determined
by this choice. To thisend the model equations have to be solved. Some numerical implementa-
tion details can be taken from Appendix B of Part 11 [Wiechert (1996¢)]. The chosen simulation
strategy consists of the following computation steps:

1. Theinverse of the constraint matrix N is represented as
N—l — < K net Kxch[O,l] Kfree )

?

wherethe submatriceshave dim n"®, dim n**"%Y and dim n"® columnsrespectively. Then
from Equation (19)

- et
v ' nfree

Kfree i nfree + Knet . rlnet + Kxch[O,l] . nxch[0,1]

— Kfree . rlfree + kfree d;f ]} (nfree)
(21)
Feasibility of the obtained solution is then checked with inequality (20) and infeasible
choices of freeflux values are rejected.

2. Theapplication coordinatesv"® and v**" are computed by using the compactification [
and from thisthe natural flux state (v, v*") isobtained by using the transformation ®.

3. It can be generally shown that the system matrix Y . v;* - P;> + 3. v - P in Equation
(15) is singular only when the carbon atom network becomes disconnected by virtue of
vanishing fluxes[Anderson (1983)]. Sincethissituation should be excluded by inequality
(20) it followsfrom the carbon flux balances (15):

-1
x=—(2v7-P7+Zvr-Pr) -(Zv:’-Pi-“p)-xmp (22

Thus the labelling state x is always a function of the natural flux state (v, v ). This

function will be denoted by
_)
T ( X+ ) e x (23)

Summarizing these steps a simulation run is essentially a sequence of the computational steps
given by Equations (13), (14), (21) and (23):

[0,1] net -
free U vhet o) \% ® v r
n'"* — ( yxenio,1] ) — yxeh — ve — X . (24)
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Application to a Realistic M etabolic Networ k

The cyclic pentose phosphate pathway

The application of the previously introduced modelling and simulation strategy will now beil-
lustrated by an example network of realistic complexity. Thisis the cyclic pentose phosphate
pathway as encountered in xylose metabolizing microorganisms. Examplesare the yeast Pichia
stipitis[Ligthelm (1988)] and recently available mutants of Zymomonasmobilis[Zhang (1995)].
These organisms are currently under investigation so that the following simulation studies are
relevant for our NMR measurements that will be published in the future.

Figure 4a presents the underlying metabolic network and the involved reaction steps of sub-
strate uptake Upt, glycolysis Gly;-Gly; and pentose phosphate pathway PPP,-PPP,4. The cor-
responding carbon atom transitions are given in the Appendix. In the cyclic pathway the gly-
colytic step Gly; isreversed. The cycleisthen closed viathe PPP; step.

Becausethe pentose-phosphatei someraseand epimerase generally have ahigh activity [Wood (1985)]
the pentose-phosphatepool s (i.e. ribose-5-phosphate, ribul ose-5-phosphateand xylul ose-5-phosphate)
are lumped to apool P5P. The substrate uptake step Upt, the efflux Gly; (leading to ethanol via
pyruvate) and the steps PPP; and Gly, (each splitting a molecule into two parts) are assumed
to be unidirectional for thermodynamic reasons. All other steps are considered bidirectional.

In practice the precursor effluxes for biomass formation can all be directly determined from
growth rate and biomass composition [Vallino (1992)]. However in the case of glycolysis and
pentose phosphate pathway they usually make up only approximately 5% of the substrate uptake
[Marx (1996)]. It has been verified with simulation studies (not shown here) that their influence
on the respective labelsisvery small. For this reason they were left out for simplicity from the
following considerations.

The input metabolite xylose is supposed to be labelled at the first carbon atom position. It
should be noticed that the label fractions gap, and gap, can be easily measured in practice from
the ethanol labelling while any further labelling information must be gathered from cell compo-
nents.

Balance equations and assumptions

For formulating the model equations a set of free fluxes must be chosen. The 6 stoichiometric
balancesfor the 8 unknown net fluxes|eave two degreesof freedom for net fluxesthat can berep-
resented by the substrate uptake upt™ and the cycle flux ppp!™® (the corresponding cal culations
are left out for shortness).

Asisclear from Equation (22) the system’slabelling state is always |eft unchanged when all
fluxes are multiplied by a constant. Thusit is sufficient to scale all fluxes by setting upt™ =1 .
Conseguently the transformation constant for d)[,?'l] issetas 3 = 1. Moreover the directionality
assumptions made above are given by:

UthCh[o’l] — 0’ ppp>1<ch[0,1] — 0’ g|y‘>2<ch[0,1] — 0’ gIyéch[o,l] =0
Thisfinally leaves the free fluxes ppp™, pppi® | ppp Ol pppreol gly*ehlo for variation.
The most important inequality constraint (apart from the trivial relations pppi®, upt™ > 0
and 0 < vMOU < 1) isgiven by
ppP* <2-upt™ =2 . (25)

It can be derived from the stoichiometric balances by using gly;® > 0 and gly;® > 0. Tothisend
one observesthat gly)® changesitssign if ppp® = 2 - upt™®. Finally, the substrateis labelled at
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thefirst carbon atom, i.e. _
x'" = (1,0,0,0,0)"

First ssmulation results

The simulation study starts with the special case of unidirectional fluxes as frequently assumed
inthe literature [Portais (1993), Sharfstein (1994), Zupke (1995)] and an intermediate value for
ppp (cf. Equation (25)):

ppp; 1Y = pppy™OH = pppi™lol = gly| O =0 ppp* =1 (26)
Applying the solution strategy of Equation (24) leads to the fluxes and labelling enrichments
shown in Figure 4b. Thefirst resultisthat all intracellular pools become labelled even with no
reversible step being present.

This simulation run is now taken as the starting point for further variation studiesin thein-
vestigation of the free flux influence on the system’s state. From now on we concentrate on the
flux information that can be obtained from gap,, gap, (which can be easily measured) and e4p, .
All other poolsled to less significant results which are not shown here for shortness. In practice
the carbon enrichment in E4P can be obtained from its successor phenylalanine isolated from
cell protein. Moreover, it should be mentioned that the CO, production in the oxidative pen-
tose phospahate pathway is not necessary measurable because CO, is involved in many other
reaction steps outside the considered section of the central metabolism.

As afirst variation it is now investigated whether the cycle flux ppp™ can be determined
from the given labelling data at least in the situation where all fluxes are till unidirectional.
Figure 5a shows what happens when pppi® isvaried in the feasible range [0, 2]. Ascan be seen
gap, , gap, and edp, monotonously depend on ppp}® in contrast to gap,. Consequently, ppp®
can be uniquely determined from a measurement of gap, or edp, but not from gap, .

Another important property of the carbon label enrichment that can be concluded from Figure
5aisthat in case of the assumed Equations (26)

2 - gap, = gap, + gap, (27)

holds for any value of ppp(®. This meansthat gap, cannot help to identify further fluxes when
gap,, gap, are already available. However the additional measurement may help to improve the
statistical quality of the determined fluxes, which is discussed in the sequel [Wiechert (1996c)]
in more depth. General algorithms for computing such agebraic redundancy relations are dis-
cussed in [Wiechert (1995b), Wiechert (1996a), Wiechert (1996b)].

The influence of exchange fluxes

Another variation study revealed that gly‘™®Y has no influence on the system’s labelling state
at all. Indeed from the metabolite flux balance gly;” + ppp;” = gly;” and the carbon labelling
balance equationsit followsfor al : = 1, ..., 6:

gly,” - fep; = (aly; +ppp;’) - g6p; = gly;” -g6p; =  g6p; = fop,

This provesthat the exchange flux gly:"°Y is not identifiable from labelling data and extracel-
lular fluxes and thus the Gly; step can be fixed to gly*™®% = o without affecting the results
obtained below. A lesstrivial example of non-identifiable fluxesin the anaplerotic pathwaysis
presented in [Wiechert (1996a)] while some principles of algebraic identifiability analysis for
carbon labelling systems are given in [Wiechert (1995b)].
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Toillustrate theinfluence of the remaining free fluxes with only two degrees of freedom, the
pentose phosphate pathway exchange fluxes are now set at the same nonzero value denoted by
xch[0,1].

PPP; 3 4

ppp;104 = pppi i = pppiod = ppprdiod

Although this does not enable the full variety of exchange effects to be demonstrated it proved
avery illustrative choice for understanding the system’s properties. The full complexity will be
treated numerically in the sequel contribution [Wiechert (1996c¢)].

Figures5b,c show theresultsfor the gap, and edp, label fractionswhen the cycleflux ppp
and thecommon exchange flux ppp; 4ty areboth varied. Surprisingly gap, remainsamonotonously
decreasing function of ppp} for all exchange valueswhilethe slopeof edp, changesitssignwith
increasing pppsy. For cycle fluxes of approximately ppp{® > 1 the gap, label israther in-
sensitivewith respect to the exchange fluxes. In thissituation ppp}® can till be accurately deter-
mined from gap,. However, for small values of ppp® a single fractional |abelling measurement
is no more sufficient for its determination because exchange fluxes have a strong influence on
the labelling state.

The superposed contour plot techniqueis used for investigating the potential of two simulta-
neously measured label fractions. Asopposedto Figure 2 wheretheflux state contour linesinthe
labelling space were given, Figure 6 shows the the labelling state contour linesin the flux space.
This graphical representation is more suitable for investigating flux identifiability because the
labelling state is always uniquely determined by the flux state according to Equation (22) but
not vice versaasis shown by Figure 5a.

Figure 6a shows that the free fluxes given by pppi® and ppps4is"! are uniquely determined
by gap, and gap,. However the sensitivity of the common exchange flux ppp;%'s ™ with respect
to measurement errorsisin general so large that only the order of magnitude can be determined
(low sensitivity regions are characterized by large cellsin the contour grid intersection angles).
On the other hand, ppp!™® is comparatively well determined in all situations.

Figure 6b shows that the combination of gap, and edp, does not enable the free fluxes to
be uniquely determined (cf. [Zupke (1994)] for asimilar example). For certain label outcomes
there are two possible solutions of the flux determination problem. On the other hand, in most
uniquely determined cases the sensitivity of the determined solution is considerably better than
that in Figure 6a.

Figure 6¢ shows that measurements of gap, and edp, are best suited to determine ppp;® and
ppps s, Obviously thefree fluxesare now alwaysuniquely determined and have agood statis-
tical quality aswell. All other combinations of two labelling measurementsin the system could
not produce an equally well flux determination. An in-depth treatment of the statistical proper-

ties of flux estimatesis given the the sequel [Wiechert (1996¢)].

Some General Consequences

The most important consequence of this simulation study isthat one has to be aware of bidirec-
tional reaction steps that significantly influence the systems|abelling state in realistic metabolic
networks. In the example, the flux estimates obtained with unidirectionality assumptions from
Figure 5a are strongly biased when significant exchange fluxes are present. Thisis expected to
be extremely relevant for flux quantitation in the pentose phosphate pathway.

Concerning the general problem of flux determination from measured extracellular fluxes
and fractional labels some principal non-linear phenomena have been exemplified that must be
expected for any realistic network:
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1. For the determination of absolute flux values at least one net flux must be directly mea-
sured as follows from Equation (22).

2. Clearly, the number of measurementsto be made must at least equal the degree of freedom
in the simulation runs, i.e. the number of free fluxes.

3. Even if this number is large enough there may be algebraic measurement redundancies
like Equation (27) reducing the amount of available information.

4. Even if such redundancies do not occur the fluxes may still not be uniquely identifiable
(Figure 6b).

5. Even when the datais sufficient for a unique flux determination this does not guarantee a
good statistical quality because sensitivities may be very low (Figure 6a).

Consequently, as much labelling data as possible should be gathered to obtain a unique flux
estimate with good statistical quality (Figure 6¢).

Conclusions

We have shown in this contribution that stationary metabolic carbon isotope labelling experi-
mentsoffer arich sourceof information that enablesintracel lular fluxesin the central metabolism
together with exchange fluxes to be determined. No assumptions about enzyme kinetics or en-
ergy balances are required although energy balancing can be aso included in our formalism.

We have presented a general modelling framework for carbon labelling experimentsthat ex-
tends the familiar metabolite flux balancing technique and is capable of expressing all assump-
tions on carbon labelling systems that can be found in the literature. Our ssimulation studies
proved that labelling systems expose strong non-linearities and for this reason pose many prob-
lemsthat are not known from metabolite flux balancing. In particular the incorporation of bidi-
rectional reaction steps leads to severe computational problems that could be solved by a suit-
able compactification transformation. Moreover for practical applications the situation of mul-
tiple flux solutions based on given measurements and state dependent sensitivities have to be
expected.

We successfully solved the problems of automatic equation synthesis, numerically stable
state computation and simulation of carbon labelling experiments by supplying aflexible com-
piler tool for the automatic generation of all balance equations and assumed relations (cf. the
Appendix) accompanied by highly sophisticated numerical algorithmsthat are described in Ap-
pendix B of Part Il (cf. [Wiechert (1996c)] for more details).
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Appendix: Formal Representation of M etabolic L abelling Sys-
tems

The main advantage of the general structural representation of carbon labelling systems pre-
sented in this contribution is the opportunity for automatic generation of all required structures
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from aformal textual input. Thus parametric and structural variation studies can be rapidly per-
formed and all assumptions made in the modelling process can be precisely documented. Inthis
appendix some details of the formal language established for simulating labelling systems are
given. Thislanguage is processed by a specialized compiler program that produces al required
vectors and matrices from atextual input. More information on the programs can be obtained
from the authors.

Reaction equations and carbon atom transitions

All reactions in the metabolic pathways of interest are given in familiar biochemical sum nota-
tion. Asan example the transaldolase reaction from the pentose phosphate pathway is written
as (compareto [Zupke (1994)])

PPP; : GAP + S7P — E4P + F6P

The corresponding forward and backward fluxes are then automatically incorporated into the
system model by the compiler program. A positive net flux meansthat the reaction takes place
in the direction indicated by the arrow. Further directionality assumptions can be formulated in
the constraint section later on.

Tracing carbon atoms through a metabolic network additionally requires to know their fate
within each chemical reaction step. To this end the corresponding atom transitions have to be
supplied. For example the transaldolase step is compl etely expressed as

PPP;: GAP + S7P — E4P + F6P
#ABC + #abcdefg — #defg + #abcABC;

This means that the first carbon atom of GAP (denoted here by A) becomes the fourth carbon
atom of F6P and so on. The charactersin the second line can be freely chosen but must clearly
be distinct for each metabolite participating in the reaction. Both integer and non-integer stoi-
chiometric coefficients can be incorporated into the equations as e.g. in an ATP production step

ATPProd: 2.1NADH + ADP — 2.1NAD + ATP

Clearly this only makes sense when no corresponding carbon atoms have to be traced through
the network.

Formal expression of special metabolic situations

Certain constructs found in the literature can now be expressed within the formal language as
follows:

e Carbon atom transitions for bimolecular reactions of type

PPP,; 2P5P — S7P + GAP

(P5P denoting the lumped pentose phosphate pool) can be expressed by doubling P5P
while using different carbon atom symbols (compare to [Zupke (1994)]):

PPP,. P5P + PSP — S7P + GAP
#ABCDE + #abcde — #ABabcde + #CDE

e The stoichiometry of biomass production is frequently expressed by non-integer coeffi-
cients (seee.g. [Vallino (1992)]). Thisshould be aternatively expressed by introducing a
separate efflux into biomass for each cell component thus enabling the tracing of carbon
atoms as follows:
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G6PEffl: G6P — G6PBiomass
#ABCDEF — #ABCDEF

The “stoichiometric coefficient” obtained from biomass production rate and cell compo-
sition data is then supplied as a measured value for GEPETfl.

¢ Reactionswith symmetric metabolites have drawn great attention in the modelling of iso-
tope labelling experiments [ Sumegi (1993)]. A well-known example is the fumarase step
inthecitric acidcycle. Sincefumarateiscompletely symmetricwe haveinfact to consider
two “label scrambling” reactions

ScrA: FUM — MAL ScrB: FUM — MAL
#ABCD — #ABCD #ABCD — #DCBA

However, both reactions take place at the same rate which can easily be expressed by an
additional equality constraint later on.

Expressing constraints

Several equality and inequality flux constraint equationsare automatically generated by the com-
piler program and thus need not be explicitly supplied:

1. The metabolite flux balances.
xch[0,1] = 0.

2. Theunidirectionality of an input or output flux with number :, i.e. v;
3. Thedirection for an extracellular flux, i.e. v® > 0.
4. Thetrivial inequalities0 < vX*" < 1 for all exchange fluxes.

Arbitrary further constraints can be given. A complete exampleincluding additional constraints
isgiven in the next section.

Pentose phosphate pathway example

As a completely documented example the cyclic pentose phosphate pathway from Figure 4 is
formulated below. A hierarchical input format enablesall equationsand assumptionsto be given
in a structured manner:

EQUATIONS
{
Upt : Glu — G6P
#ABCDEF — #ABCDEF
Glyl: F6P — G6P
#ABCDEF — #ABCDEF
Gly2: F6P — GAP + GAP
#ABCDEF —  #CBA + #DEF
Gly3: GAP —  Pyr
#ABC —  #ABC
PPP1: GG6P - CO2 + P5P
#ABCDEF —  #A + #BCDEF
PPP2: P5P + P5P — S7P + GAP
#ABCDE  + #abcde — #ABabcde + #CDE
PPP3: GAP + S7P — E4P + F6P
#ABC + #abcdefg — #defg + #abcABC
PPP4: P5P + E4P —  GAP + F6P
#ABCDE  + #abcd — #CDE + #ABabcd
}
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NET_FLUXES EXCHANGE_FLUXES

{ {
FREE FREE
{ {
PPP1; PPP2;
}
EQUALITIES EQUALITIES
{ {
Upt=1; PPP2 = PPP3;
} PPP3 = PPP4 ;
INEQUALITIES Gly1=0;
{ Gly2=0;
PPP2>=0; }
PPP3>=0; INEQUALITIES
PPP4>=0; {
} }
} }
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Figuresand Tables

A highquality cameraready copy of all Figuresand Tablesisattached seperately.
All Figuresare magnified by 200 %. The 100 % sized figureswill fit exactly into

one column of “Biotechnology & Bioengineering”.
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Figure 1. A simple example network. Left: metabolite view. Right: carbon atom view. The
extracellular flux v, and the labels b,, ¢; are assumed to be measurable. The input labels ay, a;
are known.

Figure 2: Representation of the one-to-one correspondences between three different flux coor-
dinate systems and the labelling state in the example of Figure 1: &) v : (v3",v5) — (b1, ¢1), b)
poy:(vy,v5) = (bi,er),and ¢t o poy : (v, v5) = (by, ¢y). Ineach caseall fluxesare
normalized to v = 1.

Figure 3: Definition of exchange fluxes for bidirectional reaction steps showing forward and
backward flux for a) fixed exchange flux and varying net flux, b) fixed net flux and varying ex-
change flux.

Figure4: a) Biochemical network of the cyclic pentose phosphate pathway asfound in amutant
of Zymomonasmobilis. Notice that the GAP pool has been included twice. b) Result of asimu-
lation run with free fluxes upt"™ = 1.0, ppp® = 1.0 and all steps assumed to be unidirectional.
Empty boxes represent positive carbon isotope enrichments below 3%.
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Figure 5. Results of parameter variation studies with upt™ = 1.0, pppi" = pppt™ =
PP = ppps%, and all other fluxes assumed to be unidirectional. &) Fractional labelling
gap, , gap,, gap,, edp, as afunction of ppp™ for pp Q?QA = 0.0. b) gap;, c) edp, asafunction

of ppp™ and pp, 2?24. The labelling situation of Figure 4b is marked in each plot.

Figure 6: Superposition of contour plots for investigating identifiability and sensitivity of the
fluxes ppp® and pp 2?34 with respect to measured fractional labels: &) gap, contour lines
(dashed and labelled) superposed with gap, contour lines (full with labelling asin c), b) gap,
contour lines (dashed with labelling as in @) superposed with edp, contour lines (full and la-
belled), c) gap, contour lines (Iabelled) superposed with edp, contour lines (with labelling asin

b).
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Figure 4a
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Figure 4b
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Figure 5

2

C Enrichment

13

@)
~—

C Enrichment

13

@)
—

C Enrichment

13
o
H

0.4

o
(V)

o
=

0.2 +

0.14

xch[O, 1]
p, PP,

0.3 1\

L0 XCh[0.1]
— /pppz 24

.\0 6

0.4




Figure 6
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